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The sampling distributions of r and M were found to be as follows:
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chaprei 6 sampting Distributions

EXAMPIE E.4
BIASI}D AND
UNBIA$Et)
ESI'IMA'TORS

distribution for r{ is sr4aller than the standard dwiation of the distribution for f, indicat-
ing that' over a.large nlrmber of sampleq the values of .r{ cluster more closely around the

lnkngwa lopulation paramerer than do the values of g. Stared differently, thl probabiJrry
that d is closc to the parameler value is higher than the probability that ;t is close to thl
parameter value.

In sum, to make arr inference about a population parameter, we use the sample sta-
tistic with a sampling distribution that is unbiased and has a small standard devration
(usually smailer than the standard deviqtion sf other unbiased sample statistics). The
derivation of this sample $tatistic will not concern uq because the "beit" statistic for es-
timating specific parameters is s mrtter of record. We will sirnply presenr an unbiasrd
e$timator with its $taudard deviation for each population parameiei we consider. INore..
The standard devisties of the sampling distribution of a statistic is also called the
rtmdrd crror of the strtirlic,J

p-[r.- In Example 6.:[, we found-ihe mmpiins aisiriuutions oilnrr"*pt" .""n'r
and the sample median M for random samples of z = i measurements from a popula-
tion defined by the following prpbability distribution:

r. Show that r is an unbiased esrimdtor of p. in this siruation.
b. $how that M is a biased estimator of p in this situation,

Solutlon
r. The expected value of a discrete random vgriable .r (see Section 4,3) is defined as

E(r) - Exp(x), where the summation is over all values of .r.Then(hf (lql 0h,
E(r) : pr : Erp(r) = (oXI) + (3)fi) + (12)(f; = t l.I5

The expected value o[ the disffete random variable f is

r(r) : x(r)pF)

surnrned over all'"*?!ro;;'ot orr9,) tbl,.l (rrs,)
F(r) = (OX?i")-+ (t)il$ + 2*) + ... + (12)fr) :tt.75

$iuce E(T) = y,7 ib an unbiased estimator of p-

b. The expected value of the sarnple median lll is
fn8q) tt{b\l (nlorr)

E(M)::'Mp{ra) = (0)*,) + (3X+) + (12)*) :ffi ?,ql

Since the expected value of M is not equal to rr (p = l), the sample median l/ is a bi.
ased estirnator of p. l'?5

r 03t2
l'/e tI{ I Y,r

*t'ltl * o/lq
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Exerclses 6.10-.8.20
Undergtanding the Prlnclptee
6.10 What is a point ertimator of a population pe rtrmcler?
6.lI What is the difference between a biase(t and unbiased

eotimator'i

6.12 What is the MVUE ler a parameter?
6.13 What are the propertiis o( sn ideal estimaror'.)

oz*-(ffi\e tf<th,1
%=t.ot?F

and

a; = V*df6?_ = i]-*t 2,E{- tob2b
$imilarly' the variance of the sampring distributio n of. M (we den*te it by oj.n) is

,fM: E{lM - E(W)z}

wherg from Examplc 6.4, the expected value of M is E(M) = *'. **n
o\u = E{lM - E(M)lr} : El.M - E(M))zp(tt{)

and
+ (3-r,rr

,r": r,ffi=G q.t.l

. which statistic aptrrears to be the better esiiriaror for the populahon mean ,i, the sam-
ple mean f or the median M't Tb answer this question, *" 

"o*p*, the sampling distribu_
tiofls of the two statistics.'tle sampling distribufrou of the sampli median M is biased (i.e., it .,islocatedtothelcftofthemeanp),anditsstandarddeviationo"=+4ffi{l{
than the standard deviation of the sampling disUibutior: of f , 6r; = 

'ff{fsnseeuenrlv. 
for

the population in questi.on, the sample mean f would be a beuer estimatol of the i"r"fiil.i"
mean & than the $arople mpdian M would be. ( f .r*'
look Baok ldeally, we dcsire an estirnator rhat is unbias ed and, has the smaltest variance
among all unbiased estimat(trs. We call this statistic thc minimurn.vrriancc unbiraed eali-
mrtor (MVUE),

{o- trr)l(t/vr)+ (r-}.rslz(n/lt) 1.., r(t2- r,1gl\ t/bl]l

Learnlng the Mcchanles
6J4 Considcr the following prohatriliry clistnbution;n
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sEfiron 5.2 Properties of sampring Drstributions: unbiasedness and Minimurn variance

HXAMPLH 6.5 Ptoblem Refer to Example 6.4 and rini ttre rl"naard deviations of the sampling distri-butions of r- and rf. which sta.ti$tic ro"ro upp*r to be a better estimator of ;.r,?
VARIAI}.]CE OF
E$TIMATORS Solutlon The variance of the sampling distribution of f (we densre it by the symbol o$) isforurd to he

"3:211; - EFDrI = E(F - r")zp(x)
i 

where,from Exarnple 6.4.

E(7) : p =;7,15
Then

t


