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286 Chapter 6 Sampling Distributions

EXAMPLE 6.4
BIASED AND
UNBIASED
ESTIMATORS

distribution for 4 is smaller than the standard deviation of the distribution for B, indicat-
ing that, over a large number of samples, the values of A cluster more closely around the
unknown population parameter than do the values of B. Stated differently, the probability
that A is close to the parameter value is higher than the probability that B is close to the
parameter value.

In sum, to make an inference about a population parameter, we use the sample sta-
tistic with a sampling distribution that is unbiased and has a small standard deviation
(usually smaller than the standard deviation of other unbiased sample statistics). The
derivation of this sample statistic will not concern us, because the “best” statistic for es-
timating specific parameters is a matter of record. We will simply present an unbiased
estimator with its standard deviation for each population parameter we consider. [Note:
The standard deviation of the sampling distribution of a statistic is also called the
standard error of the statistic. ]
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and the sample median M for random samples of n = 3 measurements from a popula-
tion defined by the following probability distribution:
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The sampling distributions of X and M were found to be as follows:
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a. Show that X is an unbiased estimator of u in this situation.
b. Show that M is a biased estimator of u in this situation.

Solution
a. The expected value of a discrete random variable x (see Section 4.3) is defined as
E(x) = Zxp(x), where the summation is over all values of x. Then

(') ) (Yu)
E(x) = p = Zxp(x) = (0)(%) + )W) + (12)8) =1 3.75

The expected value of the discrete random variable ¥ is

E(x) = Z(®)p(x)
summed over a]) values of X, or
(3’ 02en) lofen) (o)
E) = (0)%) + (1)) + 2Wg) + - + (12)(8s) = 8 3.75
Since E(X) = p, ¥ is an unbiased estimator of u.
b. The expected value of the sample median M is

Ry () Gio/iu)
E(M) = ZMp(M) = (0)0y) + (3)(W) + (12)@) = 46 2.9]

Since the expected value of M is not equal to u (u = V), the sample median M is a bj-
ased estimator of u. v
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EXAMPLE 6.5
VARIANCE OF
ESTIMATORS

|

Secrion 6.2 Properties of Sampling Distributions: Unbiasedness and Minimum Variance

Prqblem Refer to Example 6.4 and find the standard deviations of the samplirig distri-
butions of X and M. Which statistic would appear to be a betler estimator of w7

Solutlon The variance of the sampling distribution of X (we denote it by the symbol o) is
found to be

0f = E{[X - E@P} = X% - w)p(x)
where, from Example 6.4,

EX)=un=873,75

2
Then (0- 3715) (814) ¢ (1-3.3512(13/e4) + - +0 +(12-3.18Y { Vo)
7% = GRSt
and

T3 = V6663 = 354 2,84
8.0625

Similarly, the variance of the sampling distribution of M (we denote it by o3, is

ol = E{[M ~ E(M)]?}
291

where, from Example 6.4, the expected value of M is E(M) = 456, Then

ok = E{[M - E(M)]*} = S[M ~ E(M)Pp(M)
SN2/ T/ N g o d headeld/ y 4 717 4 Eey2yT
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(6 - 290 (3364) +(3-2,00(220) + (12-2,903> (ol6yd

and

Ty = VIhII6 = 4t5 4 14y
174478
Which statistic appears to be the better estimator for the population mean u, the sam-
ple mean X or the median M? To answer this question, we compare the sampling distribu-

tions of the two statistics. The sampling distribution of the sample median M is biased (i.e., it
is Jocated to the left of the mean ), and its standard deviation ¢, = 45815 muc larger 41y

than the standard deviation of the sampling distribution of ¥, oz = e Consequently, for
the population in questjon, the sample mean ¥ would be a better estimatod of the population
mean u than the sample median M would be. 294

Look Back Ideally, we dcsire an estimator that is unbiased and has the smallest variance
among all unbiased estimators. We call this statistic the minimum-variance unbiased esti-
mator (MVUE).
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Exercises 6.10-6.20
Understanding the Princlples

Learning the Mechanics

6.11 What is the difference between a biased and unbiased

estimator?

6.12 What is the MVUE for & parameter?

6.10 What is a point estimator of a population paramcter? 6.14 Consider the following probability distribution;
x 0 1 4
p(x) b A s

6.13 What are the properties of an ideal estimator?




